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A SIMPLIFIED THEORETICAL METHOD OF DETERMINING THE CHARACTERISTICS
OF A LIFTING ROTOR IN FORWARD FLIGHT

By F. J. Bangy, Jr.

SUMMARY

Theoretically derived expressions for the flapping, the
thrust, the torque, and the profile drag-lift ratio of a non-
feathering rotor with kinged, rectangular, linearly tuisted
blades are given as simple functions of the inflow velocity
and the blade piteh.  Representative values of the coeffi-
cients of each of the terms in these expressions are tabu-
lated for a series of speeified values of the tip-speed ratio.
Analysis indicates that the tabulated ralues can be used to
caleulate, with reasonable accuracy, the characteristics of
any rotor of concentionel design.

In order to demonstrate the method of wsing the tables
included with the analysis, the chaveteristics of a typical
autorotating rotor are calendated. A convenient method 1s
devised for eapressing, by means of a single chart, the
relationship between the drag and the lift characteristies of
the rotor for rarious combinations of piteh, tip-speed
ratio, and solidity.

The decelerating torque and the profile drag-lift ratio of
the rotor are evaluated on the assumption that the profile-
drag coeflicient of « blade element can be crpressed as a
function of the angle of attack of the element by the first
three terms of « power series. A convenient method is
developed  for determining appropriate values of the
coefficicuts of the different powers of the angle of attack n
this series for conventional airfoil sections at any Rey-
nolds number.

When the blade elements reach angles of attack above a
certain limiting value, the drag coeflicient begins to erceed
the value given by the series.  For certain limiting condi-
tions of pitch and tip-speed ratio, where the elements begin
to reach high angles while moving at kigh velocity, the rotor
performance is impaired and the theory becomes optimistic.
A method of determining these limiting conditions s
developed.

A further Limitation, imposed by the requirement that
compressibility shock be avoided at the advancing blade
tip, is found to limit high-speed flight to high tip-speed
ratios, where the autorotating rotor is inherently inefficient.

INTRODUCTION

Theoretical  expressions from  which the various
characteristies of autogiro and helicopter rotors can be
caleulated are to be found in the works of Wheatley
(references 1 and 2) and Sissingh (reference 3). The

form in which these expressions have been presented is
unsatisfactory for practical engineering calculations,
chiefly because the expressions have not been reduced
to terms of the two basic parameters: inflow veloetty
and blade piteh.

In the present paper the theoretical expressions for
thrust cocflicient, f{lapping coeflicient, accelerating
torque coeflicient, decelerating torque cocflicient, and
profile drag-lift ratio are reduced to simple functions
of the inflow factor X and the blade piteh angles 6, and
6,. The coefficients of the various terms in the expres-
sions are found to be funetions of the tip-speed ratio g,
the mass constant v, and the tip-loss factor B. Values
of these coeflicients, computed for y=15 and =097,
have been tabulated for a series of specified values of
the tip-speed ratio. Beeause the departures of v from
15 and B from 0.97 that are to be expected in modern
rotor designs have a negligible effect on the values of
the coeflicients, the tabulated values can be safely used
for calculating the characteristics of any conventional
rotor.

In the derivation of expressions for the decelerating
torque and the profile drag-lift ratio, it is necessary to
approximate the relation between the section profile-
drag coeflicient ¢q, and the angle of attack o of a
blade clement. This approximation is made in the
present paper by means of the power series:

F¢10:50+5|ar +8:0,*

From the data of reference 4, a convenient method is
then developed for assigning appropriate values to the
coefficients &, &, and &, for conventional airfoil sections
at any Reynolds number.

When blade elements approach or exceed the stall,
their drag coefficients greatly exceed the values given
by this approximation. At the same time their lift
coeflficients fall below the values given by the approxi-
mation

¢,=au,

that is used to express the relation between the lift

cocflicient and the angle of attack of an element.

As long as such elements are confined to parts of the

rotor where the relative velocity between the air and

the elements is low, the contribution of these elements
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to the total rotor force is small and the theory is accu-
rate.  When the conditions of pitch and tip-speed ratio
exceed certain limits, however, blade elements begin to
operate near or beyond the stall while moving at high
velocities.  Their drag then begins to impair the per-
formance of the rotor and the theory becomes opti-
mistic. In order to prevent the unwitting application
of the theory to these conditions, in which its basic
assumptions are untenable, a method of determining
approximately the limiting combinations of pitch and
tip-speed ratio is presented.

A source of much confusion in the analysis of data
on rotor drag has been the lack of a method of present-
ing the data in a simple form capable of showing directly
and independently the effects of changes in the pitch,
the tip-speed ratio, and the solidity. It is shown in the
present paper that a chart of the profile drag-lift ratio
against the lift coeflicient-solidity ratio Cp/e for a series
of specified values of pitch and tip-speed ratios com-
pletely satisfies the requirements.

Calculations of the speed of the tip of the advancing
blade are included to show that, if compressibility
shock 1s to be avoided at this point, high translational
speeds are feasible only at high tip-speed ratios. An
autorotating rotor becomes inefficient at these high
tip-speed ratios because of the stalling of the retreating
blade.

The method of using all the tables and charts included
in this paper is fully cxplained and illustrated by
sample calculations for a typical rotor.

The scope of the paper is limited to linearly twisted,
rectangular blades with the flapping hinge perpen-
dicular to the rotor axis and to the blade span.  Periodic
blade-twist terms are not included in view of the cur-
rent trend toward blades designed to eliminate periodic
twist. In the derivation of all the expressions that
are functions of the tip-speed ratio g, all terms of the
order of u* or lower have been retained and all terms
of the order of ¢ or higher have been dropped.

SYMBOLS
Q rotor angular veloeity, radians per second
¥id blade radius
v forward speed
MR speed of axial flow through rotor
U tip-speed ratio (V cos ofQ2R)
wQR component of forward speed in plane of disk
B tip loss factor

Blade elements outboard of radius BR are
assumed to have drag but no lift.

r radius of blade element

2 ratio of blade-element radius to rotor-blade
radius (#/R)

veloeity component at blade element per-
pendicular to blade span and parallel to
rotor disk

number of blades

¢ blade chord

urR
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upQR velocity component at blade element perpen-
dicular both to blade span and to u,QR

6, blade piteh angle at hub, radians

6, difference between hub and tip pitch angles,
radians

a slope of lift coeflicient against angle of attack
of blade airfoil section (radian measure)

o solidity, ratio of total blade area to swept-disk
arca (be/mR)

p air density

1, mass moment of inertia of rotor blade about
horizontal hinge

v mass constant of rotor blade (epaRY/ 1))

My weight moment of blade about horizontal
hinge

T rotor thrust

p= T/ o7 R

Q rotor torque

Co= Q/p¥:nR®

L rotor lift

= LiipVixR?

D rotor drag

Cp= DipVirR?

a angle of attack of rotor disk

o angle of attack of blade element

B blade flapping angle

¥ blade azimuth angle (measured from down-
wind position in direction of rotation)

Ca section profile-drag cocfficient of o blade
element operating normally

Cay scetion  profile-drag coeflicient of a blade
clement in reversed-veloeity region

b0, 81, 8, coefficients in power series expressing cq, a8 a
funetion of ¢,

¢ seetion lift eoefhicient of a blade clement

g constant term in Fourier series that expresses 8

Uy coefficient of cos ny in expression for g

b, cocfficient of sin 1y in expression for 8

ANALYSIS
FLAPPING COEFFICIENTS

The flapping angle 8 between the blade-span axis
and the plane perpendicular to the rotor axis is u fune-
tion of the azimuth position of the blade.  The velation
between B and the azimuth angle ¥ of the blade can be
approximated with suflicient accuracy by the Fourier
series,

B=ay—ay cos y—by sin Yy—a, cos 2¢ —b, sin 2y¢
Expressions for the flapping coe’licients a,, a5, and b,
are given in equations (9 11) of reference 1. By sub-
stitution and division these expressions ean be reduced
to the form:

. ; 1AMy,
%’: (tl,l))‘—{" (t|,2)9|)+(t1,3)01“;y ],SZLL (1)
a=(t I (8 5)0,1 (1, 6)0, (2)
b 1 My

‘,;: (tl .7))\+ ({1 .5)00+ (t1,9)01+ (tl,l()),); mi (3)



METHOD OF DETERMINING

where the symbols (#1), (t 1), ete. are used to represent
lengthy expressions imvolving the tip-speed ratio g, the
The
actual expressions represented are given in full i the
appendix.

In equations (1), (2), and (3) the coefficients of A,

tip-loss fuctor B, and the blade muss constant .

1 My . . .
8, 6, and v T arc, for all practical purposes, inde-
| -
pendent of y for values of g up to 0.5 and for values of
v up to 25, For example, at a tip-speed ratio of 0.5,
reducing v from 15 to 0 changes no coeflicient by more
tal o .

than 2.9 percent.  Increasing v from 15 1o 25 changes
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effect of 4 deereases very rapidly as the tip-speed ratio
is reduced.

Numerical values of the coeflicients of X, 6,, 6, and
i ]‘ILQ", in equations (1), (2), and (3) are given for speci-
fied tip-speed ratios in table 1. The values given have
been computed on the assumption that the mass con-
stant v is 15 but these values may be used, with satis-
factory accuracy, for any value of v from 0 to 25, It
will be noted that the subscripts of the symbols (¢ ),
t,2), ete. used in the equations have been chosen to
indicate the table and the line in that table where the

no coefficient by more than 1.3 pereent.  All terms | appropriate numerical values are to be found.  This
that involve v are of the order of & or u'; henee, the | procedure is followed throughout the paper.
TaBLe I-- NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (1), (2), AND (3)
{y=15; B=0.47]
. |
\\\\ Tip-speed
| o oratioou ! - . o, . . - .
CCoeflivien( S~ i 0 1a (.20 0. 25 0.40 O35 (40 045 0O, &
ol g : ‘
\
an'y inequation (1)
A 0. 1523 0. 1525 o 1527 0. 1531 0. 1536 0.1543 GBS0
k1 L1133 L1163 LT L1209 1244 L1284 S 1g2R L1375
0 LORTT L ORGY . 0906 L0027 1 L0950 A9T7 . 1006 . HO3R
a, in equation (2) {
A (322 0. 431 ‘ 0.543 0. 65Y 0577 ! 0. 894 1. 026 1. 1549
o 1N a6t | 71 874 1041 1217 140 17
# L1304 LAl ; L5 N LT85 .- 1016 1154 |
i | }
tafy in equation (3) }
| |
x o ' 0.0313 O0.0415 0. 0517 00614 0.0721 0. 0822 0. 0925 0. 1028
fa ; L0233 LS T L0443 L0591 | L0646 L ORO0Y L0033
o . JOTR) L0242 “030% 03T \ sy | Los ity B
A | —oan —. i — 34 —303 | . 4A2 —. 507 —. 557 — 606
4 L ; t
| i |
In table I, and in all subsequent ecomputations in the a» ,
o . : T (t:!,l) At (82 2) 00+ (£ 3)0, (4)
present paper, the effective blade radius is assumed to @
he 97 percent of the actual radius; that is, the tip-loss b, , . .
! y ! ;-2: (2 )N = (2 5) 8+ (£ 6)6, (5)

factor B is 0.97. For conventional rotor-blade designs
this value is considered to be a sufliciently close approxi-
mation {o the recommended value 1—e/2R (reference 1).

Expressions for the flapping coeflicients a; and b,
are given in equations (9 15) of reference 1. These
expressious can be written in the form:

TaBLE

The coetlicients of A, 8,, and 6, in equations (4) and (5)
are not independent of 4 but are independent of u.
Values of these coeflicients for specified values of v are
given in table 1l Complete expressions for cach
coeflicient are given in the appendix.

1. NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (4) AND (5

[R=0.47]

~ : | | .
~ Muass i !
| Coeflicaconstant. = 2 4 6 T 12 oo 1 N W
L H i '
P R | | |
~ ! i
axiu? in equation (4
A 0 0,214 : i 602 LT6Y } L8919 1,056 1,184 1306 | 1,423 1,539
N Y] 198 ‘ A48 L68Y LBL0 Lh 1.00Y 1. 96 1.177 1. 267
I3 0 R E] ! 417 L B25 LBl . 699 RO LR3Y L903 . 964
i | |
‘ hofu i equation (5)
i i -
‘ A ] —0.013 — 0. {49 —4. 10 ‘ —0. 157 ‘ —0. 214 —0.268 | —0.314 1 —0.354 —0.388 | —0.417
v O ; 0 —.uL6 —. 539 —. 121 ‘ —. 191 —. 26} —. 324 —. 351 —.430 | —. 471 ‘ —. e
0, [ —. 012 —. 044 —. 090 —. 194 —. 242 —. 284 —. 320 —. 350 —.877

E— R e [

‘ —1a2
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THRUST COEFFICIENT

The expression for the thrust coefficient given in
cquation (8-14) of reference 1 can, after substitution
from equations (2) and (5), be reduced to the form

‘)C
4‘: (ta,l) >\+ (ta,z) 91)+ (.13.3)01

ad

(6)

Again the coeflicients of A, 6, and 6, are practically
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independent of y. At a tip-speed ratio of 0.5, a reduc-
tion of v from 15 to 0 changes no coefficient by more
than 1.7 percent while an increase in v from 15 to 25
changes no coefficient by more than 0.7 percent.

Numerical values of these coeflicients, computed for
v=15 but satisfactory for any value of v between 0 and
25, are given in table I1II.  Complete expressions for
each coeflicient are given in the appendix.

TapLE ITL—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (6) FOR

2('r/sa

[v=15; B=0.97]

\ i
. Tip-speed 1 :
Coeff ch_\m\“‘“°v w 0.15 0w 0.2 ‘
of
S U N -
|
P o 0. 476 0. 480 0457 |
6o ... . “315 L322 333 |
O . . . 226 . 230 237 i

ANGLE OF ATTACK
After the thrust coeflicient €'z has been determined,
the angle of attack a between the plane perpendicular
to the rotor axis and the flight path can be obtamed
from equation (5-2) of reference 1, which is
A Cr
tan a=—+5 5 57 (7)
po 2u(NE4-pB)t
For low angles of attack A? is negligible in comparison
with u? and the expression reduces to
N, Crp
a=—4
b 2u
ACCELERATING TORQUE

&)

In previous work on the torque cquilibrium of auto-
giro rotors (reference 5), it was found convenient to
divide the acrodynamic torque into two parts: one
dependent on the components of the lift vectors of the
blade elements parallel to the plane of the disk and the
other dependent on the components of the drag veetors
parallel to the plane of the disk. In the case of the
autogiro, the torque arising from the inclination of the
lift vectors relative to the plane of the disk tends to
accelerate the rotor and was designated the accelerating
torque in reference 5. This designation will be
retained in the present paper even though, in the case
of the helicopter, the inclination of the clemental lift
vectors may tend to decelerate the rotor.

0. 30 0.35 0.40 0. 45 0. 50
|
0. 494 ‘ 0. 504 . 515 0. 524 {). Hid
L 346 361 .37 . 344 422
. 243 ‘ L2062 L2638 L 275 . 284
|

5 shows that the
a rotor without

A study of equation (9) of reference
accelerating torque coeflicient Cy, of
dynamie blade twist ean be expressed in the form

1
a

20()“ o Va2 2
- P Y (t4,l)>‘ +<t4,2> >\60+(t4.}) )\01+(t4.4)00

. M M
+ (14,5)0051+ (t 6074 (8 .7) ’Y]igp;)\+ (t4 ,n,)‘Y[’Q‘;fBo

11/[“7

; 2
iyt () ®

The expressions represented by the symbols (¢,.1), (4.2),
ete. are given in the appendix.

The last four terms of equation (9) are negligible for
combinations of v and M/ 1,2 found in current
autogiro designs.

Numerical values of the coefficients in the first six
terms, computed for y=15, are included in table T of
reference 5. For convenience these values are repeated
in table 1V in the present paper. Reasonable depar-
tures of the mass constant y from 15 can again be safely
ignored although the effect of changes in v is somewhat
greater than it was in the case of thrust and flapping.
At u=0.5 the maximum change produced in any of the
coeflicients by decreasing v from 15 to 0 is 5.6 percent
and the maximum change produced by increasing v from
15 to 25 is 9.2 percent.

TasrLe IV.~-NUMERICAL VALUES OF THI COEFFICIENTS IN EQUATION (9 FOR 1/a (2Cy, /o)

[y=15; R=0.97]

~ | )
~. Tip-speed i !
ratio, u { i
Coellicient ™ 0. 15 ! 0.20 0.25 0.30 | 0.35 i €. 40 0.45 0.50
of ~ ‘ i ‘
i
Y - 0. 502 0. 526 : 1. 5aR 0. 5498 (3. 646 1. 702 0. 766 0. 840
Ay L3064 | L421 : 400 579 6Ky . K24 LN 1,179
A . . 268 L3068 L 356 420 iy L HUR LTl4 L 8h4
8 . 022 L0400 L 066 wo ! 145 203 . 276 aes |
a0, . . . L 032 .58 L 096 146 L2102 ‘ 208 403 L h36 ;
82 . . L 012 | 021 L0345 054 077 ; LAY L 147 195
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A comparison of the expression for the accelerating |
torque of a constant-pitch rotor of piteh 6,4 A8, with
that for a rotor of pitch 6, and linear twist 8, shows that
the two rotors will have the same accelerating torque
at the same inflow factor if

(ty2) (t,5) [(ty o)
ABy— g S g
) 20t \“hﬂ
A study of the numerical values given in table 1V shows
that, for all practical purposes,

(_fi,:s,) o 7({47.5) . /(f4 5)
) 20t V(h)
Hence the aceelerating torque of a rotor with linearly
twisted blades is, for practical purposes, equivalent to
that of a constant-piteh rotor if the piteh of the ele-
ments at 75 pereent of the effective radius BR s
identical in the two rotors.  Considerable time can be
saved in caleulating the aceelerating torque of a rvotor
with linearly twisted blades by first determinivg the
blade piteh at 0.758R and then caleulating the torque
of a rotor with untwisted blades having this piteh.

0= 6,

3
=B

DECELERATING TORQUE
The decelerating torque coeflicient Co, of the rotor
can be expressed in the integral form by following the

method developed in reference 1

v (V ] T 1
~ L 2 il
( ?‘?) ) f (]1,/,[ Uy Caprd
a T Jo Ja
2 *1 R
,‘)1,1‘ ,N,J UpPeggrdr
<TMJr —usin ¢

1 2r —u sin ¢ .
. dy wpeq, v
2 ). Ju

In this expression, ey, represents the profile-drag co-
officient of a blade element operating normally and
¢q,” vepresents the profile-drag coefficient of an element
in the reversed-veloeity region.

Experience has shown that the drag coeflicient of a

{10)

blade element cannot be considered to be independent of
¥ and z; hence equation (10) cannot be integrated until
cay and ¢q arve expressed in terms of ¢ and x. The
simplest way of satisfying this requirement is to approxi-
mate the relation between the drag coeflicient and the
angle of attack of an element by a power series of the
form

u

u

Cag ™ 51!4 5|(Yr"+ 52ar2:5(1+5|< 1% etb‘f*J'0|>
7 ,

ﬁﬂ(ﬂﬁ+%%wm>
My

as was originally done by Sissingh in reference 3.

The effective angle of attack of elements in the
reversed-veloeity region has been shown in reference 1
to be

Up
a = =M,
U

1t will therefore be assumed that

; . Ups Up &
Cay =0y 61(7 ill *0(,4x01>+52<—$’ *00*191) ,
T T i

4301347 4215
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With ordinary airfoil sections, of course, the values of
3y, 8, and 8, appropriate for backward-moving blade
clements in the reversed-velocity region may be
expected to differ considerably from the values char-
acteristic of the forward-moving elements in the rest of
the disk. At tip-speed ratios below 0.5, however, the

total contribution of the reversed-velocity region is too

small to necessitate any such refinement in its evalua-
tion.

After substitution for e¢q, and cq equation (10)
becomes

2 1
dy

2(\ " 1 *
(Nl L [y [t ) |
4 2T )0 0 LT )x J—usinyg
2a —usiny
—;}—f (N/[ Y »,vﬂ.rd.r]
2T ) Jo
1 Vo up ,
- Bll:é;ﬁ dy . 1176(\”;—*—601 .1'01)1'(1.17
g 1

+‘)»1— ) (1¢f w0, '101>f(h'
T )= —psin y

Uy

e v _asiny ,
— ;)]—— f d \LJ : 11,5"( L 6,— .1‘01).1'(].1']
Pt oy S ) Wy
1 (r 1 up 2
+8) - dy | wd( =L 618y ) xdx
27 Jo 0 Urp

1 (& ("1 of Up :
e A0 e, dr
+‘.’1r, ) (It//J_“Siwu, ll'r+ , 10,) xes

2r Pousiny N 2
_ 31 - [‘ ([¢J : " 7,2( M 0,— .l‘0|> .r(].l']
27 ) 0 Uy

which reduces to

:_)(‘(J{ 1 27 i ” 1 2n P —usin oy R
<' ” ");5‘\[2*”[” (lzk'f) uT'.r(I.r—»’;‘L dw‘l” ufrd.r]
1 * : of Ur " .
*76‘[%‘[, (/\//J; u"'<u¢+8ﬁ .:6.>u1.r:l
-8 lfhl h ‘-‘<"_”+0+ 6, ) rds
L 3x), dy , Uy ap T xrfy ) ada
1 2w —pSin of Up )
~;£ (h//'ﬁ 11,.'(;;?—1 B, %1‘91> .l'(].l']

After substitution for u, and up from equations (8),
9y, (10), and (11) of reference 2, integration, and
substitution for the flapping coefficients from equations
(1) to (5) of this report, the expression for deeelerating
torque takes the form

wptrdr

20,
(. £ﬂ>:5o(t5,1) 4—‘51[@5,2) A (853000 + (t5,4)01]
+52[(t5'5) N2 (5.6) Mo+ (£5,7) N0, + (5 5) 00
+ (£5,4) 04011 (t5.10)0/°

My My .
+ (ts.n)')’lel; A (15,12) ’Y]'ﬁ;eo + (Esaa)y

)]

My

IS 0

(11)
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The complete expressions for the coeflicients repre-
sented by the symbols (¢,), (4,), ete. are given in the
appendix.

The net contribution of the last four terms in equation
(11), that is, the terms containing My/1,92) is negligible

for normal values of v and AM/1,9%  Values of the
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cocflicients in the first 10 terms are given in table V
for y=15, B=0.97. The effeet of v on the value of
these  coeflicients again very small. At a tip-
speed ratio of 0.5, no coefficient changes by more than

18

than 3.6 percent as v is reduced from 15 to zero  or
by more than 4.6 pereent as v is inereased from 15 to 25,

TasLe V. ~NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (11) FOR (20 /o)

[v=15, B=0.97]

.
~. Tip-speed ; ‘
Coofli- ratio, u 0.15 0. 20 025
cient of ~
e i
i
én {}. 260 0. 266
&1A . 333 . 333
Sty L 260 265
818 L2007 210
Bund .2 L HYT7
52\ L7456 871
8200, L 603 N
82002 L3058 L339
b2y ATy A
2 L 106 214

PROFILE DRAG

The profile drag-lift ratio of the rotor can be expressed
in the integral form by following the procedure outlined
in section 11 of reference 1:

D I 1 [ !
(2 st (5o a0 [t
U e

1 2#] 1
i « ¢
+27T Ed —u Sin

1 27 —psiny 5 ,
_G;rf dy , ey, (11:)
— L

Under the same assumptions as to the profile-drag
coeflicient of a blade element that were used in evalu-
ating the decclerating torque, equation (12) becomes

2uCr (D = vlv } Loy L K 3
a L ”_6(: 27 Jo ([‘L 0 "r (/J+27I'_ " @ —psin ¥ i

1 Y2 —p 8in ¢  .
—271'], (1¢ﬁ Uy (h‘]
1 (' Lo
+5 = dy , Uy Eq‘ Oy-1- 26, ¥.r
1 (2 1 of Up
+ﬂj:r dd/ ~u Sin oy 1 <’1T
1 Yl —usin g : Uy
—5x) (lx//ﬁ Uyr‘(—'UT—-BU‘J‘H])[.I']
1 Lo up 2
+54, e dy o ur+6(, 48y )ddr

af Mp
Il T

agr

(12)

; 6()‘{‘1‘9] (].l‘

2r 1 9
dy +6,-1 .I’Hl) dr
T J —upsiny

1 ‘er] —u siny \ 12 2
— ( U —="—06,—r8, ) dz
2‘”_ . ‘bﬁ 1 w r 0 l)

which can be reduced to

2005/D\ 5[ 1, (L, 1, (wsing
“;f(zl:aﬂﬁj:d{L“””*fJ;”¢ﬁ widr] |

Uy

1
Tog

| | |
0. 30 0,36 0. 40 | 0, 45 0. 50 |
_ ] - |
0. 272 0. 280 0. 289 0,299 0.310
333 L33 332 .332 )
] L 2N0 L 289 g L300 |
215 22 2, .23y
. 641 L 694 912
YT 1,092 1. 242 1637
L7y 807 Luld 1197
T3%5 L4143 CHIN T ‘
. Y3 676 TRZ 1076 ;
287 L 268 306 ETH

WLy [ (0,4 0, W
+ a ﬂ‘ 0 dy . Up Uy o+ 08y Yl
& 1 (= o up A
+;l Q;Jn dlﬁﬁ IIT(II,I;—*—BU*y'Jel) d.I‘

1 2y —pu sin J/’ ) Up 2
—;ﬁ (l‘pﬁ Uy "’;—{-Bﬁ 1‘01> d,n:]

After substitution for uy and up from cquations (8),
9), (10), and (11) of reference 2, integration, and
substitution for the flapping coeflicients from equations
(1) to (5) of this paper, the expression for the profile
drag-lift ratio takes the form

agd

2071 Sy,, . &
WD) =2t )0t a0

3 N Mt (a0t (1 0

‘ ) . My
+ ([6,9)0001+ (rﬁ,l())01-+‘ (tﬁ,u)’Y’]lS’;"z)\

My M
(o) Y, 180 o)y i (a0

M\ L
T]Slz)] (]';)
The complete expressions for the coeflicionts represented
by the symbols (4,), (t.2), cte. are given in the
appendix.,

The net contribution of the four terms in equation
(13) that contain My/1,9% is negligible for normal values
of v and My/19%  Values of the coefficients in the
other 10 terms are given in table VI for v=15, B=20.97.
At a tip-speed ratio of 0.5 reducing ¥ from 15 to zero
will change no coeflicient by more than 1.3 percent
while increasing v from 15 1o 25 will change no cocffi-
cient by more than 6.7 percent. Consequently, the
values given in the table ean he safely used for any
conventional rotor.
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4, o

[y =15 B=047]

L '
N Tip-speed
S~ ratio, p
Coeflicient ™ 015 i 0,20 025
af S !
- \\
|
5 0. 267 IO U BV T
Z 1
|
Biy, 337 RE HERS
13
b1, 267 202 i
"
by 204 207 o1 |
"
b2y 522 510 a6
1
: “’m 711 7 L7491
i
b m, 528 g} L AR0
l
b2 270 987 L300
52, Bt | H9 479
5 e 176 185 L 146
1

The product g 2Cz/ea on the left-hand side of equa-
tion (13) 1s, from vqu(m(m (6),
4
VB i o

(g (3B

TansLe VI

NUMERICAL VALUES OF THE

1
: U (TR 045 0,50 ‘

0. 0. 35
0. 318 0,343 0. 472 0. 406 0. 143
TS 153 360 BT 3N
i
T 286 208 311 a2
215 221 N 245 1
0 27 671 T NI
NGD U Lo 1131 Loy
L619 BN T N2 N
o s 2% 486 s
BN B0 B2 710 805
_210 Ian] 0 278 312
|
1. 1,
—*—(41)’4 - :1[3',‘11“>0| (14)

The coeflicients of X, 6, and 8, which are independent
of v, are given in table V1L for 5=-0.97,

COEFFICIENTS IN EQUATION (1D

20
FOR p"—
afl
{13--0.07]
\\ ‘ ‘
S~ Tip-speed | |
- Tatio, g |
Caoefli- ™ i 0. 15 : 0. 20 ' 0. 25 0,30 0.35 ! 0,40 (. 5 th G0
cient of . | i
~. !
I T i - T T - o
Ao | 00714 0. 0951 01215 0. 1479 ‘ ! 0, 2012 ‘ 0. 2664
O . L0171 LOB4R o831 L1033 | e 2030 |
0. ‘ U310 L0462 LUAY0 LOT2N ‘ L1036 101 }

DETERMINATION OF &, 8, AND &

The profile=drag coceflicient ¢, has been expressed in
terms of the angle of attack of a blade element «, by
the series

(15)

where 8, 8, and & are constants, so chosen that the
series will closely approximate an experimental curve
of drag coeflicient against angle of altack over the
important part of the angle-of-attack range. Obviously
the values chosen for &g, &, and 8 will depend on tlu-
aitfoil section and the Revnolds number.  Hence,
the present paper is to be of any practical value in
rotor-performance caleulations, a simple and rapid
method of determining 8, 8, and 8, for different airfoil
soctions at any Revnolds number must be developed.

It is shown in reference 4 that the profile-drag
coeflicient of a conventional airfoil section at any
Revnolds number ean be expressed as

- +’ At'({[\

Cag™ 8oty S.a,”

Fr[(. (.(1(»"( n (1 ().)

where g, , depends on the airfoil section and the
min
Revnolds number and the inerement Aeg, depends on

7(1101)!)"

with le;—e;

the parameter|e;—e.,, [/ (Ctpaz

of Aey,
expressed graphically in figure 45 of reference 4.
amination of this curve reveals that the series expansion

- ,,,,1 ‘)‘l’] ( apl] > (17)
- unl — lope

an be made to approximate very (']()svlv the curve over
a range of values of je,—ey,, /(€. } from 0 to 0.8,
provided that the values of A, K, and I, are properly
chosen.  The nature of the agreement that can be
obtained is illustrated in figure 1. In this particular

—ey,) s

Kx-

42 .'l M ‘I
The variation ont €tz

‘('[" ¢

A(‘daf K+ K,

bnar nar

Cy ]

u)l

case the following values were used:  Ky=0.0003,
K, =—0.0025, and A, 0.0229. These values were
chosen to make the values of Aey, given by the series

€

ab ler—cu, |/ (Cpu— 01y, =012, 0.400, and 0.675.

agree with the values given by figure 45 of reference 4
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F16URE |.—Method of approximating profile-drag inerement Ay, ofa blade vlement.,

It will be noted that the substitution of the series for
the curve results in some underestimation of the drag
of the blade clements operating at very high lift
cocflicients and some overestimation of the drag at Clppp
The overestimation of the drag at ¢y, is not considered
serious inasmuch as it is to some extent compensated
by the slight underestimation of the drag at values of
lei—ei,, |/ (€ lpae—C1,,) from 0.125 to 0.400. In addi-
tion, because excessive center-of-pressure travel makes
highly cambered sections unsuitable for use in rotors,
rotor-blade sections will normally have low values of
¢ For this reason rotor-blade eclements will not
reach values of ¢; as low as ¢, except at the tip of the

opt’

advancing blade at very high tip-speed ratios.

The underestimation of the drag of elements operating
at high angles of attack limits the entire theoretical
treatment to those flight conditions in which blade
elements do not reach high angles of attack when moving
at high velocity relative to the air.  Recognition of this
limitation is extremely important. If the theory is
applied indiscriminately to all flight conditions, ab-
surdly high performance will be predieted at high tip-
speed ratios and high piteh settings, This point will
be discussed further in connection with an illustrative
example in a later section of this paper.

Because values of ¢, appreciably below ¢,,, need
not be considered, the algebraic value of ¢,—e;, , may
be substituted for the absolute value le;—eq,,,l in

equation (17). After the resulting expression for
Acq, i1s expanded and the produet aa, is substituted for
¢y, it becomes possible, by equating cocfficients of like
powers of a,, to express &, &, and & i the following
manner:

1\'|('1 '2('1 -
upl opt 1 O
8 Cay = I{O—(a ¢ (¢ A X (18)
mn lmax lopt aar lopi
k4 DI

o = ,I\,,‘,,,A e _I,‘,?(,'"Ii’ : (19)
a (‘lrmui(. lupt ((‘Inmrii( [I)Ill')-

By K. (20)

@ (e, —ep N =

Imu I lu/ll

or, when the values chosen for K, K, and K, arc

incorporated,

Cq )
So—cq. =0.00034-0.0025-— "t
Omin (.[,m”,,, 'Iu[rl
: (llo)l2
400229 - P, 21)
'lmu:r; ,u])l)
¢
b o025 - L 00458 e
a ¢ Imar —-¢ Inpl ((‘lmu,r - Io]r t) : '
8 ).0229. -, (23)
w ( .[muzk()lupt).-

These expressions are plotted in figure 2 for several
values of ¢, Values of 4, 8, and 4 ean therefore
be directly determined from figures 2(a), 2(h), and
2(c), respectively, for conventional airfoil sections at
any Reynolds number if Cay, 0 €l and a are

lnaz’
known at the Reynolds number in question. Com-
plete directions for determining these last quantities
at any desired Reynolds number from standard airfoil
tests at some other Reynolds number are given in
reference 4.

The variation of the Reynolds number for different
parts of the rotor disk complicates the choice of a value
on which to base the determination of 8, 6, and &, for
any given rotor. Pending further investigation of
this particular problem it is suggested that a value
corresponding to the chord and the average rotational
speed of the blade element at 0.75R be used.
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APPLICATION OF THEORY

The manner in which the preceding charts and
tables are used will now be illustrated by a numerieal
evaluation of the characteristies of a particular rotor
operating at a specified tip-speed ratio. The rotor
used for this example will be assumed to have rectan-
cular blades of the NACA 23012 airfoil section with no
linear twist (8,--0). The Reynolds number corre-
sponding to the chord and the rotational speed  at
0.75R will be considered to he approximately 2,000,000.
The rotor will be assumed to have a blade piteh angle
of 42 and to be autorotating at a tip-speed ratio of 0.35.

For the NACA 23012 airfoil section operating at a
Reynolds number of 8,160,000, the following values
were obtained from table Il of reference 4:

Clone - - o172
a, per radian - 5.73
cuyp - . 0070
e : o .08

Sinee the publication of table I1 of reference 4, the
data contained therein have been found to be subject
to corrections described in reference 6. Table 111 of

reference 6 gives for the NACA 23012 scction
eo =174, eg, o 0.0060 atoa Reynolds  number

maxr
The

used in the present paper may

of 8,400,000, 15 negligible.

higher value of ¢,
by LI
min

The change n ¢, .

be considered to include a partial allowance for surface

roughness.  The results published in reference 7 mn-
diente that current construction, for wings at least, is
sufficiently crude to inerease the minimum profile-drag
coeflicient by as much as 50 pereent over that for a
smooth wing.

At a Reynolds number of 2,000,000 a value of
01, = 1.72—0.27=1.45 s obtained from figure 44 of
reference 4. The value of 5.73 for @ remains unchanged.
The minimum profile-drag coeflicient is given by the

4 0.11
(‘ll l‘(l lfst(!
Omin ' Mmin ctd [f

o/ 816X 10T\ 11
—.0070)( 20
© t()( 9% 107 >
= 0.0082

expression

An indication of the probable variation of ¢,
with seale for different airfoil sections is given by
figure 42 and table T of reference 4. It is to be noted,
however, that the accuracy of the experimental data is
not suflicient to establish the small variation for the
NACA 23012 scction with any degree of certainty.
For the present example it will be assumed that the
effect of scale on ¢, of the NACA 23012 section can
be ignored over the range of Reynolds numbers from
8,000,000 to 2,000,000,
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The values of &, &, and 8 can now be obtained
(3}

from figure 2 or from cquations (21), (22), and (23).

They are:

b - - -- 0. Q087
01 . o . - L0216
By - .- . 400

The next step is the determination of the inflow
factor N from the torque equilibrium of the rotor.
In the present problem the rotor is assumed to be in
steady autorotation; henee, the aceclerating and the
decelerating torques are exactly equal. That is

(%) ()
o o
or, at p=0.35, from cquations (9) and (11) and tables
IVand V
a (0.646 N2+ 0.689X0,4-0.500 78, 0.1456,°+0.2126,0,
+0.0776,%) —=0.2808,
4-5,(0.333 0 0.2808,4 0.2208,)
4 6,(0.694 221 109270, 4-0.807 NG, -+ 0. 4436,
-0.6768,6,-1 0.2686,%)

Terms involving My/12* have been omitted from
this cquation on the assumption that My/L,Q s of
normal magnitude (approximately 0.006) so that the
net contribution of these terms is negligible.

Substitution of the appropriate values of &, &, &,
8., 6;, and « into the preceding equation gives the
quadratic equation
3.70TA2H0.2756A--0.004050 - (L2784

0.0233X-1 0.002876
Solution of this equation gives two values of X, The
smaller (algebraic) value corresponds to operation at a
negative angle of attack and can be ignored. The
larger value, which corresponds to operation at a
positive angle of attack, is
A— —0.,0050

With » and 6, known, the caleulation of the flapping
angles is carried out with the help of tables I and TL
ao=15[(0.1536) (—0.0050) | (o.1244,)(4).4»(;93)]»41‘1':;5

- My
W<n.1 187

4= (0.777) (— 0.0050) - (1.041)(0.0698)
=0.0687 radians
b, ==15[(0.0721 ) (40.()()50‘) 4+ (0.0591) (0.06981]

con{ M
_<04O2)(Ilﬂz)
0.0563) — 0452 1Y | radians
=| (0.0563) — (0.452 1.0 radians
as= (0.35)2[(1 184 Jr? ] "“"’)(— 0.0050)

+(_1,:909 i 96)(0.0698)]
=0.0082 radians
b=035 (771, 00050

+(i£-.3§ 15:9-439>(0.0698)]

radians

“

= —0.0033 radians
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.0090} - — b et - -.090] - - : |
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\ -
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\
.0005 - 005
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.0003 i | - 003
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(a)
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8 Lo 12 .4 /.6 /8 .8 1o 12 ’.4 16 L8
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(a) dg~cay Ymin' (h) éyra,
Fiavre 2.—Charts for the determination of 8y, 81, and 2 for different blade nirfoil seetions,
It is understood, of course, that the values of a,, b;, | from which
@2, and b, depend on the \'}llllf‘ of the mass constant v of 20y cos a_ 207 cos®
the rotor.  In these caleulations, v =15 was used. == o
The thrust coefficient is obtained from equation (6) <Sl](’)
and table 111
H(’ and
7= (0.504) (—0.0050) 4 (0.361 (0.0698) =0.022 ,
(', _2Cr acos’ (24)
It w 111 be shown later that the lift coefficient-solidity o o u? -

ratio Cp/e is a particularly convenient parameter
against which to plot the profile drag-lift ratio of
This quantity is obtained on the assumption
T cos a or

(\L Tf'R

rotors.
that L=

pV”* CrpPrlRt cos «

Ordinarily at tip-speed ratios above 0.15 or 0.20 the
ralue of cos® o can be taken as unity without serious
error.  Hence, in the present case

ﬂ, 5.73

—Eee (0. 0_'_4)(0 35)¢— 1:062
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The induced drag-lift ratio of a rotor, given by the
second term of equation (11-4) of referenee 1, is

]
(1) B ‘_’ !
L) wlut4 I:l—} )] cost
At tip-speed ratios above 0.15 the factor enclosed in
the brace may be considered unity and

Dy (1l
1) pbaid

which is, in the present case,

1.()1;2><§

(25)

-~ (L2660
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The profile drag-lift ratio of the rotor 1s obtained
from equations (13) and (14) and tables VI and VIL:

[(0 1753) (— 0.0050) - (1.1252) (0.0698)]

()()(R—
7( ) 4>(() 343) *< (?3()7]1)

00 ;
+ (0.286) (0.0698)] + (”,{3 >[(0.1327) (—0.0050)?

+4-(0.378)(0.0698)?]

I
[(0.353) (—0.0050)

1-(0.930) {—0.0050) (0.0698)
which gives

(L 0:().()1 11

EFFECT OF PITCH SETTING AND TIP-SPEED RATIO ON PROFILE
DRAG-LIFT RATIO
The ealeulation of the profile drag-lift ratio of the
autogiro rotor assumed in the preceding example has
been repeated for a series of other combinations of
the pitch angle 8, and the tip=speed ratio w. The
results are summarized by the chart shown in figure 3.
This type of chart, in which profile drag-lift. ratio is
plotted against Crfo for various values of piteh and
tip-speed ratio, is a particularly convenient method of
presentation, in that the single chart completely speci-
fies the Lift and the drag characteristics of the rotor
at any forward speed for all normal combinations of
pitch, tip-speed ratio, and solidity.

LIMITS OF VALIDITY OF THEORY

It has been pointed out that the scries used to ap-
proximate the profile-drag coeflicient of the blade ele-
ments begins to underestimate seviously the drag
cocflicient when the parameter (e;—eq )/ (e =€)
reaches o value of 0.8, The angle of attack of the blu(lc
clement corresponding to this limiting condition is

().Sl'lmar"}‘ 0.2¢ -
arh_m44—— ;7 S

(26)

Now, it is impossible to limit the application of the
theory to flight conditions in which a,  is never ex-
ceeded by any blade clement. Whenever the rotor is
in translation, some clements of the retreating blade
will be operating at angles of attack above «,, . For
moderate values of piteh and tip-speed ratio, however,
these high values of the angle of attack are confined to
parts of the rotor disk in which the square of the
velocity of the air relative to the blade element is quite
low. Under such conditions the total contribution of
these blade elements to the rotor thrust, torque, and
flapping is very small, and the error in its estimation is
negligible.

As the tip-speed ratio or the pitch sctting is increased,
the high angle-of-attack region spreads to regions of
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FioUvre 3.—Trofile drag-lift ratio for sample rotor. The values in parentheses

represent. the forward speed in miles per hour at which the advancing blade tip
reaches 75 pereent of the speed of sound at sea level,

) [
Inducert '2= ('al‘ > ( ‘; )

increasingly high velocity and the accuracy of the
theory is correspondingly reduced. The extent to which
the theory will be in error in any particular case will be
approximately determined by the square of the maxi-
mum value of the tangential velocity component uy at
which elements reach the limiting angle of attack o,
Henee, the rational interpretation of a chart such as the
one shown in figure 3 requires the addition of a series of
lines, cach of which represents the locus of combina-
tions of piteh and tip-speed ratio for which «,, is the
maximum angle of attack reached at the value of u,
specified for the line.

Inorder to construct the limiting lines just mentioned,
it is necessary to derive a relation between the angle of
attack of an element and its tangential-velocity com-
ponent. The angle of attack is generally expressed by
the formula

(7
o, = l+6()‘+ x6,
Ur

or, after substitution for wp from cquation (9) of
reference 2 and for x from equation (8) of reference 2,

TasLe VIIL-- NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (28) 'OR e/
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a, =8+ 0ur—0p sin ¢+, cos y—ay sin -1 2b, cos 24

. 1 ;
—2a, s1n 2y —I—;}l:}\i el (vu/t”—}—;uaz) cos ¢

—|—gpb2 sin \(/—%yllg cos 3¢—;];pb2 sin 3 \l/:l (27

This equation makes it possible to calculate the
angle of attack corresponding to a specified tangential
velocity wr at all azimuth positions. 1t is not useful
for the present purpose, however, until the azimuth
angle ¢ at which a, becomes a maximum is deter-
mined. In a specific example, where numerical values
of the flapping coefficients are available, the derivative
of the expression can be equated to 0 and a numerical
value can be obtained for . This value of ¢, when
substituted in the original expression, will determine
the desired maximum value of «, for the specified
value of up.  In general form, however, this method of
solution results in expressions too complex for practical
application, unless the rotor is assumed to have in-
firitely heavy blades.

For the rotor with infinitely heavy blades the mass
constant v and all flapping coeflicients except a, are

Then
A

o, =0y Oy — By sin Y —a, sin ¢+j“'
-

ZCTro.

4 EN

Ug

The azimuth positions for maximum and minimum
angles of attack are obtained from the condition that

da,

dy”
which gives ¢ =90° for o and ¢ =270° for .
Substitution of y=270° gives

, A [ M
Crppar ™ 0o+ 6, (uy ) +";+<1 fl—l—y->{ll

After substitution from equation (2),

2 1 A 2 1
Qs ™ ?17*01 ’%ﬁ )\(\T{_)}.L * Q'[';_hu")_*. '17<] +7}2”2J{ Ql?““)

0.212

8 4 3 ﬂ ﬁ k: _4_

+ 9‘(1 Taprrapr T “‘4>+ u T(:;B“ZTL 3];‘*“4>
1 . 6 oy 1 ’

+ 91(3#+§a#")+;1;<2u“+7;w4) (28)

The coeflicients of X, Muz, 8, 60/ur, 6, and 8,/u; are
given in table VIII.

=)= —fu o8 Y—a, cos ¢

ar
[£2=0.97)
\mAi?iWﬁirW Tt m T T 1 Tt B -
\\\ Tip-speed ‘ ‘ ‘
- ratio, u . . . N | ™
Coelliciont™ ‘ 015 0.20 0. 24 0,30 0. 35 "40 045 | 0,56
of ~ |
\ i
A | 0.321 0.430 | 0. 540 0. 653 0. 768 0. 856 1008 | 1183
A g ! 1.04% 1.0%6 1135 1.196 1. 289 13058 145t 1. 567
t ! L 1562 } 1.711 1,866 2,028 2,199 2.380 2.572
Bofte g - \ O3 SHz 17K L2509 359 477 1 617 779
8 \ 454 N CTRT . 929 1086 1. 26K 1447 1.633
Biini 4 ‘ 046 L082 129 REL L2651 } 347 | . 449 566
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Under the conditions chosen for the illustrative

example, 8;=0, 6,=4° A= —0.0050 and
).00:
— (—0.0050) (0. m*a)+( —009 ’O>(1 269)

Yt mar

a
4 (0.0698) (2.028) -+ (” ”(’ )(n 359)
~10.04° at wp - 0.5

The maximum angle of attack does not reach a value
as high as (0.8¢,, 1 0.2¢,, ) until up is as low as
0.279.  Henee, the conditions chosen for the illustrative
example lie within the range for which the theory may
be expected to give reasonably accurate results.

The value of «,,,, has been caleulated for all combina-
tions of piteh and tip-speed ratio shown in figure 3 for
values of wy of 0.3, 0.4, and 0.5. For cach of these
three values of wp, a series of combinations of 8, and g at
which a;, . just reaches (0.8¢4,,,.0.2¢,,, ) /a has been
established by interpolation.  Curves drawn through
each series have been included in figure 3. At the present
time it is not possible 1o estimate quantitatively the error
in the theory corresponding to each of the three curves.
Fortunately such an estimate is not absolutely essential.
The rapidity of the growth, with piteh and tip-speed
ratio, of the high angle-of-atiack region beyond the
line for w,— 0.4 makes this line a satisfactory limit in
the present cuse.

A question naturally arises as to whether the fact
that the blades are not infinitely heavy can be safely
ignored in the determination of the limiting lines.  In
order to check on this point, three combinations of
piteh and tip-speed ratio, for which =, at
wp=0.4 for infinitely heavy blades, have been used
with #7=0.4 to caleulate values of o, against ¢ directly

Xrpaz

from equation (27) when y=15. The results are
tabulated as follows:
\ a,
a, ‘ Uy (deg)
“ o (dexy — e
| ; ‘ ! y=0 y=15
| . B [ [ .
0. 25 5,93 0.4 11.75 13. 16
35 4.82 .4 11.75 12.69
.45 i 3. 03 -4 i 11.75

12,79 ‘

It is evident that the angles reach slightly higher values
at a given uy for blades of finite mass (y=15). Hence,
limit lines constructed on the assumption of y=0 tend
to overestimate slightly the range of conditions for
which the theory is valid.

Up to this point the discussion has been concerned
primarily with the determination of the limiting con-
ditions of piteh and tip-speed ratio for which the theory
can be expected to give accurate results. It should be
pointed out, however, that the use of combinations of
pitch and tip-speed ratio beyond these limits will
result in an actual performance inferior to that pre-
dicted by the theory because of the drag of blade ele-
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ments operating near and beyond  the stall. The
rapidity with which the high angles of attack spread to
high veloeities in the rotor under consideration indi-
cates that the conditions of piteh and tip-speed ratio
for optimum performance can be only slightly beyond
the limits of accuracy of the theory.

EFFECT OF COMPRESSIBILITY ON ADVANCING BLADE

The speed at the tip of the advancing blade of a
rotor in translation is

U=Vanr

Vo —
OR approxmmately,

()

The compressibility-shock wave usually forms on
airfoil sections at between 75 and 80 percent of the
speed of sound.  Henee, the maximum speed at which
a rotor can be flown without danger of loss in efficiency
due to compressibility shock on the advancing blade
tip may be considered to be

or, since p=

(2

-

Ve =97 miles per hour (301

+1
Equation (30) indicates that the lines of constant
tip-speed ratio on figure 3 are also lines of constant
maximum permissible forward speed.  For example, a
rotor cannot fly at a forward speed greater than 148
miles per hour, at any value of (/e to the right of the
line p=0.35 in figure 3, without danger of compressi-
bility shock on the advancing blade. Values of the
maximum permissible speed, as given by equation (30),
are noted for cach tip-speed ratio on figure 3. It is
apparent that, in the case of the constant-piteh auto-
rotating rotor, the necessity of avoiding compressi-
bility on the advanecing blade restricts high-speed
flight to incfficient combinations of pitch and tip-
speed ratio.
CONCLUSIONS

1. Theoretically derived expressions for the thrust,
the torque, and the profile drag-ift ratio of a lifting
rotor in translation have been reduced to simple
functions of the inflow velocity and the blade pitch.
The various terms in these functions have coefficients
that are functions of the tip-speed ratio but are, for
practical purposes, independent of the mass constant.
Values of these cocfficients given in tables for specified
values of the tip-speed ratio can be safely used to esti-
mate the characteristics of any rotor of conventional
design.

2. The relationship between the drag and the lift
characteristics of an autorotating rotor, in forward
flight at tip-speed ratios above 0.15, can bhe com-
pletely specified for various combinations of pitch,
tip-speed ratio, and solidity by a single chart on which
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the profile drag-lift ratio is plotted against the lift
coefficient-solidity ratio for specified values of pitch
and tip-speed ratio.

3. Beyond certain limiting combinations of pitch
and tip-speed ratio, the excessive power required by
blade elements operating at high speeds while near or
beyond the stall adversely affeets the over-ull rotor
performance to such an extent that the theoretical
treatment is no longer accurate. By a method devel-
oped in the present paper it is possible to determine
approximately these limiting combinations and thus to
avoid the application of the theory to conditions in

REPORT NO. 716 —NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

which the rotor performance would inevitably be over-
estimated.

4. The requirement that compressibility shock be
avoided at the tip of the advancing blade restriets high-
speed flight with an autorotating rotor to ineflicient
combinations of pitch and tip-speed ratio.

Lancrey Memorian AeroNaurican LasoraTtony,
NarioNan Apvisory COMMITTEE FOR AERONAUTICS,
Lancrey Fiewn, Va., Mareh 17, 1941.
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